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In two previous papers we studied the problem of electronic properties in a system with long-
ranged helimagnetic order caused by itinerant electrons. A standard many-fermion formalism was
used. The calculations were quite tedious because different spin projections were coupled in the
action, and because of the inhomogeneous nature of a system with long-ranged helimagnetic order.
Here we introduce a canonical transformation that diagonalizes the action in spin space, and maps
the problem onto a homogeneous fermion problem. This transformation to quasiparticle degrees
of freedom greatly simplifies the calculations. We use the quasiparticle action to calculate single-
particle properties, in particular the single-particle relaxation rate. We first reproduce our previous
results for clean systems in a simpler fashion, and then study the much more complicated problem
of three-dimensional itinerant helimagnets in the presence of an elastic relaxation rate 1/τ due to
nonmagnetic quenched disorder. Our most important result involves the temperature dependence
of the single-particle relaxation rate in the ballistic limit, τ 2TǫF > 1, for which we find a linear
temperature dependence. We show how this result is related to a similar result found in nonmagnetic
two-dimensional disordered metals.
PACS numbers: 72.10.Di; 72.15.Lh; 72.15.Rn
I. INTRODUCTION
In two previous papers, hereafter denoted by I and
II,1,2 we considered various properties of clean itiner-
ant helimagnets in their ordered phase at low temper-
atures. These papers considered and discussed in some
detail the nature of the ordered state, and in particular
the Goldstone mode that results from the spontaneously
broken symmetry. We also calculated a variety of elec-
tronic properties in the ordered state that are influenced
by the Goldstone mode or helimagnon, which physically
amounts to fluctuations of the helical magnetization. For
various observables, we found that couplings between
electronic degrees of freedom and helimagnon fluctua-
tions lead to a nonanalytic (i.e., non-Fermi-liquid-like)
temperature dependence at low temperature. For most
quantities, this takes the form of corrections to Fermi-
liquid behavior, but in some cases, e.g., for the single-
particle relaxation rate, the nonanalytic dependence con-
stitutes the leading low-temperature behavior.
A prototypical itinerant helimagnet is MnSi. At low
temperatures and ambient pressure, the ground state of
MnSi has helical or spiral order, where the magnetization
is ferromagnetically ordered in the planes perpendicular
to some direction q, with a helical modulation of wave-
length 2π/|q| along the q axis.3 MnSi displays helical
order below a temperature Tc ≈ 30K at ambient pres-
sure, with 2π/|q| ≈ 180 A˚. That is, the pitch length
scale is large compared to microscopic length scales. Ap-
plication of hydrostatic pressure p suppresses Tc, which
goes to zero at a critical pressure p c ≈ 14 kbar.4 Phys-
ically, the helimagnetism is caused by the spin-orbit in-
teraction, which breaks lattice inversion symmetry. In
a Landau theory this effect leads to a term of the form
m · (∇×m) in the Landau free energy, with m the local
magnetization, and a prefactor proportional to |q|.5,6
In I and II we used a technical description based on
itinerant electrons subject to an effective inhomogeneous
external field that represents helimagnetic order, with he-
limagnon fluctuations coupled to the remaining electronic
degrees of freedom. We emphasize that for the theory
developed in either papers I and II, or in the current pa-
per and a forthcoming paper IV, it is irrelevant whether
the helimagnetism is caused by the conduction electrons,
or whether the conduction electrons experience a back-
ground of helimagnetic order caused by electrons in a
different band. The Gaussian or ‘non-interacting’ part of
the action was not diagonal in either spin or wave number
space, and the latter property reflected the fact that the
system is inhomogeneous. These features substantially
complicated the explicit calculations performed in II. In
order to make progress beyond the discussion in II, and
to discuss the effects of quenched disorder in particular,
it therefore is desirable to find a technically simpler de-
scription. In the current paper, our first main result is the
construction of a canonical transformation that diagonal-
izes the action in spin space and simultaneously makes
the Gaussian action diagonal in wave number space. The
new transformed action makes our previous calculations
much simpler than before. It also enables us to extend
our previous work in a number of ways. In particular,
we will treat the much more complicated problem of the
quasiparticle properties of helimagnets in the presence of
non-magnetic quenched disorder.
The study of the electronic properties of disordered
2metals has produced a variety of surprises over the past
thirty years. The initial work on this subject was mostly
related to diffusive electrons and the phenomena known
as weak-localization and/or Altshuler-Aronov (AA) ef-
fects (for reviews see, e.g., Refs. 7,8). In the clean limit,
mode-mode coupling effects analogous to the AA effects
have been shown to lead to a nonanalytic wave number
dependence of the spin susceptibility at T = 0.9 More re-
cently, disordered interacting (via a Coulomb interaction)
electron systems have been studied in the ballistic limit,
Tτ > 1, but still at temperatures low compared to all en-
ergy scales other than 1/τ , with τ the elastic scattering
rate.10 Interestingly, in this limit it has been shown that
for two-dimensional (2D) systems, the temperature cor-
rection to the elastic scattering rate is proportional to T ,
i.e., shows non-Fermi liquid behavior. In contrast, in 3D
systems the corresponding correction is proportional to
T 2 ln(1/T ), i.e., the behavior is marginally Fermi-liquid-
like, with a logarithmic correction.11 The second main
result of the current paper is that in the ballistic limit,
the low-temperature correction to the single-particle re-
laxation rate in ordered helimagnets is linear in T . The
technical reason for why a 3D disordered itinerant heli-
magnet behaves in certain ways in close analogy to a 2D
nonmagnetic disordered metal will be discussed in detail
below. Transport properties, in particular the electri-
cal conductivity, will be considered in a separate paper,
which we will refer to as paper IV.12
The organization of this paper is as follows. In Sec.
II we introduce a canonical transformation that vastly
simplifies the calculation of electronic properties in the
helimagnet state. In Sec. III we calculate various single-
particle and quasiparticle properties at low temperatures
in both clean and disordered helimagnetic systems. In
the latter case we focus on the ballistic limit (which is
slightly differently defined than in nonmagnetic materi-
als), where the various effects are most interesting, and
which is likely of most experimental interest, given the
levels of disorder in the samples used in previous exper-
iments. The paper is concluded in Sec. IV with a sum-
mary and a discussion. Throughout this paper we will
occasionally refer to results obtained in I and II, and will
refer to equations in these papers in the format (I.x.y)
and (II.x.y), respectively.
II. CANONICAL TRANSFORMATION TO
QUASIPARTICLE DEGREES OF FREEDOM
In this section we start with an electron action that
takes into account helical magnetic order and helical
magnetic fluctuations. The fundamental variables in
this description are the usual fermionic (i.e., Grassmann-
valued) fields ψ¯α(x) and ψα(x). Here x = (x, τ) is a four-
vector that comprises real space position x and imagi-
nary time τ , and α is the spin index. Due to the helical
magnetic order, the quadratic part of this action is not
diagonal in either the spin indices or in wave number
space. We will see that there is a canonical transforma-
tion which leads, in terms of new Grassmann variables,
to an action that is diagonal in both spin and wave num-
ber space. This transformed action enormously simplifies
calculations of the electronic properties of both clean and
dirty helical magnetic metals.
A. The action in terms of canonical variables
In II we derived an effective action for clean itinerant
electrons in the presence of long-range helical magnetic
order, and helical magnetic fluctuations interacting with
the electronic degrees of freedom. This action can be
written (see Eq. (II.3.13)),
Seff[ψ¯, ψ] = S0[ψ¯, ψ] +
Γ2t
2
∫
dxdy δnis(x)χ
ij
s (x, y)δn
j
s(y),
(2.1)
where nis(x) = ψ¯α(x)σ
i
αβψα(x) is the electronic spin den-
sity, σi (i = 1, 2, 3) denotes the Pauli matrices, δnis = n
i
s−
〈nis〉 is the spin density fluctuation, Γt is the spin-triplet
interaction amplitude, and
∫
dx =
∫
dx
∫ 1/T
0 . Here and
it what follows we use units such that kB = ~ = 1. In
Eq. (2.1), S0 denotes an action,
S0[ψ¯, ψ] = S˜0[ψ¯, ψ] +
∫
dx H0(x) · ns(x), (2.2a)
where,
H0(x) = Γt〈ns(x)〉 = Γtm(x) (2.2b)
is proportional to the average magnetization m(x) =
〈ns(x)〉. In the helimagnetic state,
H0(x) = λ
(
cos(q · x), sin(q · x), 0), (2.2c)
where q is the pitch vector of the helix, which we will take
to point in the z-direction, q = q zˆ, and λ = Γtm0 is the
Stoner gap, with m0 the magnetization amplitude. S˜0 in
Eq. (2.2a) contains the action for non-interacting band
electrons plus, possibly, an interaction in the spin-singlet
channel. Finally, fluctuations of the helimagnetic order
are taken into account by generalizing H0 to a fluctu-
ating classical field H(x) = ΓtM(x) = H0 + ΓtδM(x),
where M(x) represents the spin density averaged over
the quantum mechanical degrees of freedom. χijs (x, y) =
〈δMi(x) δMj(y)〉 in Eq. (2.1) is the magnetic suscepti-
bility in the helimagnetic state, and the action (2.1) has
been obtained by integrating out the fluctuations δM .
The susceptibility χs was calculated before, see Sec.
IV.E in I. The part of χs that gives the dominant low-
temperature contributions to the various thermodynamic
and transport quantities is the helimagnon or Gold-
stone mode contribution. In I it was shown that the
helimagnon is a propagating mode with a qualitatively
anisotropic dispersion relation. For the geometry given
3above, the helimagnon is given in terms of magnetization
fluctuations that can be parameterized by (see (I.3.4a))
δMx(x) = −m0 φ(x) sin qz (2.3a)
δMy(x) = m0 φ(x) cos qz. (2.3b)
δMz = 0 in an approximation that suffices to determine
the leading behavior of observables. In Eqs. (2.3), φ is a
phase variable. In Fourier space, the phase-phase corre-
lation function in the long-wavelength and low-frequency
limit is,
χ(k) ≡ 〈φ(k)φ(−k)〉 = 1
2NF
q2
3k2F
1
ω20(k)− (iΩ)2
,
(2.4a)
with NF the electronic density of states per spin at the
Fermi surface, kF the Fermi wave number,
13 iΩ ≡ iΩn =
i2πTn (n = 0,±1,±2, etc.) a bosonic Matsubara fre-
quency, and k = (k, iΩ). If we write k = (k⊥, kz), with
k⊥ = (kx, ky), the pole frequency is
ω0(k) =
√
czk2z + c⊥k
4
⊥. (2.4b)
Note the anisotropic nature of this dispersion relation,
which implies that kz scales as k
2
⊥, which in turn scales
as the frequency or temperature, kz ∼ k2⊥ ∼ T .14 This
feature will play a fundamental role in our explicit calcu-
lations in Sec. III that relate 3D helimagnetic metals to
2D nonmagnetic metals, at least in the ballistic limit. In
a weak-coupling calculation the elastic constants cz and
c⊥ are given by, see Eqs. (II.3.8),
cz = λ
2q2/36k4F
c⊥ = λ
2/96k4F. (2.4c)
This specifies the action given in Eq. (2.1). In Fourier
space, and neglecting any spin-singlet interaction, it can
be written,
Seff[ψ¯, ψ] = S0[ψ¯, ψ] + Sint[ψ¯, ψ], (2.5a)
S0[ψ¯, ψ] =
∑
p
(iω − ξp)
∑
σ
ψ¯σ(p)ψσ(p) + λ
∑
p
[
ψ¯↑(p)ψ↓(p+ q) + ψ¯↓(p)ψ↑(p− q)
]
, (2.5b)
Sint[ψ¯, ψ] = −λ
2
2
T
V
∑
k
χ(k) [δn↑↓(k − q)− δn↓↑(k + q)] [δn↑↓(−k − q)− δn↓↑(−k + q)] , (2.5c)
where V is the system volume, and iω ≡ iωn = i2πT (n+
1/2) (n = 0,±1,±2, . . .) is a fermionic Matsubara fre-
quency,
nσ1σ2(k) =
∑
p
ψ¯σ1(p)ψσ2(p− k), (2.5d)
and
δnσ1σ2(k) = nσ1σ2(k)− 〈nσ1σ2(k)〉. (2.5e)
Here p = (p, iω), and q denotes the four-vector (q, 0).
Elsewhere in this paper we use the notation q = |q|,
which should not lead to any confusion. In Eq. (2.5b),
ξp = ǫp−ǫF, with ǫF the Fermi energy, and ǫp the single-
particle energy-momentum relation. The latter we will
specify in Eq. (2.16) below.
In the above effective action, S0 represents noninter-
acting electrons on the background of helimagnetic order
that has been taken into account in a mean-field or Stoner
approximation. Fluctuations of the helimagnetic order
lead to an effective interaction between the electrons via
an exchange of helimagnetic fluctuations or helimagnons.
This is reflected by the term Sint, and the effective po-
tential is proportional to the susceptibility χ.
B. Canonical transformation to quasiparticle
variables
The action S0 in Eq. (2.5b) above is not diagonal in
either the spin index or the wave number. A cursory
inspection shows that by a suitable combination of the
fermion fields it is possible to diagonalize S0 in spin space.
It is much less obvious that it is possible to find a trans-
formation that simultaneously diagonalizes S0 in wave
number space. In what follows we construct such a trans-
formation, i.e. we map the electronic helimagnon prob-
lem onto an equivalent problem in which space is homo-
geneous.
Let us tentatively define a canonical transformation of
the electronic Grassmann fields ψ¯ and ψ to new quasi-
particle fields ϕ¯ and ϕ, which also are Grassmann-valued,
by
ψ¯↑(p) = ϕ¯↑(p) + α
∗
p ϕ¯↓(p) (2.6a)
ψ¯↓(p) = ϕ¯↓(p− q) + β∗p ϕ¯↑(p− q) (2.6b)
ψ↑(p) = ϕ↑(p) + αp ϕ↓(p) (2.6c)
ψ↓(p) = ϕ↓(p− q) + βp ϕ↑(p− q). (2.6d)
4The coefficients α and β are determined by inserting the
Eqs. (2.6) into Eq. (2.5b) and requiring this noninteract-
ing part of that action to be diagonal in the spin labels.
This requirement can be fulfilled by choosing them to be
real and frequency independent, and given by
αp = α
∗
p = −βp+q ≡ αp
=
1
2λ
[
ξp+q − ξp +
√
(ξp+q − ξp)2 + 4λ2
]
.
(2.7)
The noninteracting part of the action in terms of these
new Grassmann fields is readily seen to be diagonal in
both spin space and wave number space.
To fully take into account the effect of the change of
variables from the fields ψ¯(p) and ψ(p) to the fields ϕ¯(p)
and ϕ(p) we also need to consider the functional inte-
gration that obtains the partition function Z from the
action via
Z =
∫
D[ψ¯, ψ] eSeff[ψ¯,ψ]. (2.8a)
The transformation of variables changes the integration
measure as follows:
D[ψ¯, ψ] ≡
∏
p,σ
dψ¯σ(p) dψσ(p)
=
∏
p,σ
J(p) dϕ¯σ(p) dϕσ(p), (2.8b)
with a Jabobian
J(p) = (1 + α2p)
2. (2.8c)
We can thus normalize the transformation by defining
final quasiparticle variables η¯ and η by
ψ¯↑(p) = [η¯↑(p) + αp η¯↓(p)] /
√
1 + α2p , (2.9a)
ψ¯↓(p) = [η¯↓(p− q)− αp−q η¯↑(p− q)] /
√
1 + α2p−q ,
(2.9b)
ψ↑(p) = [η↑(p) + αp η↓(p)] /
√
1 + α2p , (2.9c)
ψ↓(p) = [η↓(p− q)− αp−q η↑(p− q)] /
√
1 + α2p−q .
(2.9d)
In terms of these new Grassmann fields the Jacobian is
unity, and the noninteracting part of the action reads
S0[η¯, η] =
∑
p,σ
[iω − ωσ(p)] η¯σ(p)ησ(p). (2.10a)
Here σ = (↑, ↓) ≡ (1, 2), and
ω1,2(p) =
1
2
[
ξp+q + ξp ±
√
(ξp+q − ξp)2 + 4λ2
]
.
(2.10b)
The noninteracting quasiparticle Green function thus is
G0,σ(p) =
1
iω − ωσ(p) . (2.10c)
Physically, the Eqs. (2.10) represent soft fermionic exci-
tations about the two Fermi surfaces that result from the
helimagnetism splitting the original band. The resonance
frequencies ω1,2 are the same as those obtained in II, see
Eq. (II.3.19). We stress again that this Gaussian action
is diagonal in wave number space, so the quasiparticle
system is homogeneous.
The interacting part of the action consist of two pieces.
One contains terms that couple the two Fermi surfaces.
Because there is an energy gap, namely, the Stoner gap λ,
between these surfaces, these terms always lead to expo-
nentially small contributions to the electronic properties
at low temperatures, and will be neglected here. The
second piece is, in terms of the quasiparticle fields,
Sint[η¯, η] = −λ
2q2
8m2e
T
V
∑
k
χ(k) δρ(k) δρ(−k). (2.11a)
Here we have defined
ρ(k) =
∑
p
γ(k,p)
∑
σ
η¯σ(p) ησ(p− k), (2.11b)
with
γ(k,p) =
2me
q
αp − αp−k√
1 + α2p
√
1 + α2p−k
, (2.11c)
where me is the electron effective mass, and
δρσ(k) = ρσ(k)− 〈ρσ(k)〉. (2.11d)
An important feature of this result is the vertex function
γ(k,p), which is proportional to k for k → 0. The phys-
ical significance is that φ is a phase, and hence only the
gradient of φ is physically meaningful. Therefore, the
φ-susceptibility χ must occur with a gradient squared
in Eq. (2.11a). In the formalism of II this feature be-
came apparent only after complicated cancellations; in
the current formalism it is automatically built in. Also
note the wave number structure of the fermion fields in
Eq. (2.11b), it the same as in a homogeneous problem.
C. Nonmagnetic disorder
In the presence of nonmagnetic disorder there is an
additional term in the action. In terms of the original
Grassmann variables, it reads
Sdis[ψ¯, ψ] =
∫
dxu(x)
∑
σ
ψ¯σ(x)ψσ(x). (2.12)
5Here u(x) is a random potential that we assume to be
governed by a Gaussian distribution with a variance given
by
{u(x)u(y)}dis = 1
2πNFτ
δ(x− y). (2.13)
Here {. . .}dis denotes an average with respect to the
Gaussian probability distribution function, and τ is the
(bare) elastic mean-free time. Inserting the Eqs. (2.9)
into Eq. (2.12) yields Sdis[η¯, η]. Ignoring terms that cou-
ple the two Fermi surfaces (which lead to exponentially
small effects at low temperatures) yields
Sdis[η¯, η] =
∑
k,p
∑
iω
∑
σ
1 + αkαp√
(1 + α2k)(1 + α
2
p)
u(k − p)
×η¯σ(k, iω) ησ(p, iω). (2.14)
D. Explicit quasiparticle action
So far we have been very general in our discussion. In
order to perform explicit calculations, we need to specify
certain aspects of our model. First of all, we make the
following simplification. In most of our calculations be-
low we will work in the limit where λ≫ vFq = 2ǫF q/kF
with vF the Fermi velocity; i.e., the Stoner splitting of
the Fermi surfaces is large compared to the Fermi energy
times the ratio of the pitch wave number to the Fermi
momentum. Since the dominant contributions to the ob-
servables will come from wave vectors on the Fermi sur-
face, this implies that we can replace the transformation
coefficients αp, Eq. (2.7), by unity in Eq. (2.14), and in
the denominator of Eq. (2.11c). In particular, this means
that the disorder potential in Eq. (2.14) couples to the
quasiparticle density:
Sdis[η¯, η] =
∑
k,p
u(k − p)
∑
iω
∑
σ
η¯σ(k, iω) ησ(p, iω).
(2.15)
Second, we must specify the electronic energy-
momentum relation ǫp . For reasons already discussed
in II, many of the electronic effects in metallic helimag-
nets are stronger when the underlying lattice and the
resulting anisotropic energy-momentum relation is taken
into account, as opposed to working within a nearly-free
electron model. We will assume a cubic lattice, as ap-
propriate for MnSi, so any terms consistent with cubic
symmetry are allowed. To quartic order in p the most
general ǫp consistent with a cubic symmetry can be writ-
ten
ǫp =
p2
2me
+
ν
2mek2F
(p2xp
2
y + p
2
yp
2
z + p
2
zp
2
x), (2.16)
with ν a dimensionless measure of deviations from a
nearly-free electron model. Generically one expects ν =
O(1).
With this model, and assuming λ≫ qvF, which is typ-
ically satisfied, given the weakness of the spin-orbit in-
teraction, we obtain for the interaction part of the action
from Eqs. (2.11)
Sint =
−T
V
∑
k,p1,p2
V (k;p1,p2)
∑
σ1
[
η¯σ1(p1 + k) ησ1(p1)− 〈η¯σ1(p1 + k) ησ1(p1)〉
]
×
∑
σ2
[
η¯σ2 (p2 − k)ησ2 (p2)− 〈η¯σ2(p2 − k)ησ2(p2)〉
]
, (2.17)
where the effective potential is
V (k;p1,p2) = V0 χ(k) γ(k,p1) γ(−k,p2). (2.18a)
Here,
V0 = λ
2q2/8m2e, (2.18b)
and,
γ(k,p) =
1
2λ
[
kz +
ν
k2F
(
kzp
2
⊥ + 2(k⊥ · p⊥)pz
)]
+O(k2).
(2.18c)
The effective interaction is depicted graphically in Fig. 1.
Examining the Eqs. (2.17) and (2.18) we see three im-
portant features. First, the effective potential is indeed
proportional to k2χ(k). As was mentioned after Eq.
(2.11d), this is required for a phase fluctuation effect.
Second, the presence of the lattice, as reflected by the
term proportional to ν in Eq. (2.18c), allows for a term
proportional to k2⊥χ(k) in the potential, which by power
counting is large compared to k2zχ, for reasons pointed
out in the context of Eq. (2.4b). It is this part of the
potential that results in the leading, and most interest-
ing, low-temperature effects that will be discussed in the
next section of this paper, and in paper IV. Also as a
result of this feature, the dominant interaction between
the quasiparticles is not a density interaction, but rather
an interaction between stress fluctuations, due to the bi-
linear dependence on p of the dominant term in γ(k,p).
Third, the effective interaction is long-ranged, due to the
6, iωp
iωp k , Ωi−
, iωp
k , iΩ
p k , iω+1
1 1
1 Ωi+ 2 −2
22
FIG. 1: The effective quasiparticle interaction due to heli-
magnons. Note that the vertices depend on the quasiparticle
momenta in addition to the helimagnon momentum.
singular nature of the susceptibility χ(k) at long wave
lengths and low frequencies, see Eqs. (2.4). This is a
consequence of the soft mode, the helimagnon, that me-
diates the interaction.
In summary, we now have the following quasiparticle
action:
SQP[η¯, η] = S0[η¯, η] + Sint[η¯, η] + Sdis[η¯, η], (2.19a)
with S0 from Eqs. (2.10), Sint from Eqs. (2.17, 2.18), and
Sdis given by Eq. (2.15). The partition function is given
by
Z =
∫
D[η¯, η] eSQP[η¯,η], (2.19b)
with a canonical measure
D[η¯, η] =
∏
p,σ
dη¯σ(p) dησ(p). (2.19c)
E. Screening of the quasiparticle interaction
The quasiparticle interaction potential shown in Eqs.
(2.18) and Fig. 1 must be screened, and an important
question is whether this will change its long-ranged na-
ture. In the usual ladder or random-phase approximation
the screened potential Vsc is determined by an integral
equation that is shown graphically in Fig. 2, and analyt-
ically given by
Vsc(k;p1,p2) = V (k;p1,p2) +
T
V
∑
p3
V (k;p1,p3)
×
∑
σ
G0,σ(p3 − k)G0,σ(p3)Vsc(k;p3,p2).
(2.20)
It is convenient to define a screening factor fsc by writing
Vsc(k;p1,p2) = V (k;p1,p2) fsc(k;p1,p2). (2.21)
Inserting Eq. (2.21) in Eq. (2.20) leads to an algebraic
equation for fsc with a solution
fsc(k;p1,p2) =
1
1− V0 1V
∑
p γ(k,p) γ(−k,p)χL(p, iΩ)
,
(2.22a)
where
χL(p, iΩ) = −T
∑
iω
∑
σ
G0,σ(p, iω)G0,σ(p, iω − iΩ).
(2.22b)
The most interesting effect of the screening is at k → 0,
and therefore we need to consider only χL(p, iΩ = i0) ≡
χL(p). This is essentially the Lindhard function, and
we use the approximation (1/V )
∑
p |p|n χL(p) ≈ knFNF.
Neglecting prefactors of O(1) this yields
1
V
∑
p
γ(k,p) γ(−k,p)χL(p) ≈ NF
4λ2
[
(1 + ν)2k2z + ν
2k2⊥
]
.
We finally obtain
Vsc(k;p1,p2) = V0 χsc(k) γ(k,p1) γ(−k,p2), (2.23a)
where
χsc(k) =
1
2NF
q2
3k2F
1
ω˜20(k)− (iΩ)2
. (2.23b)
Here
ω˜20(k) = c˜z k
2
z + V0
ν2
24
q2
k2Fλ
2
k2⊥ + c⊥ k
4
⊥, (2.23c)
with
c˜z = cz
[
1 +
q2
k2F
(ǫF
λ
)2]
. (2.23d)
We see that the screening has two effects on the fre-
quency ω˜0 that enters the screened potential instead of
the helimagnon frequency ω0. First, it renormalizes the
elastic constant cz by a term of order (q/kF)
2 (ǫF/λ)
2.
This is a small effect as long as qvF ≪ λ. Second, it
leads to a term proportional to k2⊥ in ω˜
2
0. Such a term
also exists in the helimagnon frequency proper, since the
cubic lattice in conjunction with spin-orbit effects breaks
the rotational symmetry that is responsible for the ab-
sence of a k2⊥ term in ω0, see Eq. (I.2.23) or (II.4.8), and
it is of order b czq
2k2⊥/k
2
F, with b = 0(1). The complete
expression for ω˜20 is thus given by
ω˜20(k) = c˜z k
2
z + b˜ cz(q/kF)
2 k2⊥ + c⊥ k
4
⊥, (2.24a)
with
b˜ = b+ (ǫF/λ)
2. (2.24b)
As was shown in paper II, this puts a lower limit on
the temperature range where the isotropic helimagnon
description is valid. In the absence of screening, this
lower limit is given by Eq. (II.4.9),
T > Tso = bλ(q/kF)
4. (2.25a)
This lower limit reflects the spin-orbit interaction effects
that break the rotational symmetry, and it is small of
order (q/kF)
4. Screening changes this condition to
T > T˜so = b˜λ(q/kF)
4, (2.25b)
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FIG. 2: Screening of the effective quasiparticle interaction.
which is still small provided qvF ≪ λ. We will therefore
ignore the screening in the remainder of this paper (as
well as the spin-orbit term in ω0), and return to a semi-
quantitative discussion of its effects in paper IV.
III. QUASIPARTICLE PROPERTIES
In this Section we use the effective quasiparticle action
derived in Sec. II to discuss the single-particle prop-
erties of an itinerant helimagnet in the ordered phase.
In Sec. III A we consider the elastic scattering time in
the helimagnetic state, in Sec. III B we consider the ef-
fects of interactions on the single-particle relaxation rate
for both clean and disordered helimagnet, and in Sec.
III C we consider the effects of interactions on the single-
particle density of states for both clean and disordered
helimagnets.
A. Elastic relaxation time
Helimagnetism modifies the elastic scattering rate,
even in the absence of interaction effects. To see this
we calculate the quasiparticle self energy from the action
S0+Sdis from Eqs. (2.10a, 2.14). To first order in the dis-
order the relevant diagram is given in Fig. 3. Analytically
it is given by,
Σ(3)σ (p, iω) =
−1
8πNFτ
1
V
∑
k
[1 + αp αk]
2G0,σ(k, iω),
(3.1)
with G0 the noninteracting Green function from Eq.
(2.10c). For simplicity we put ν = 0 in Eq. (2.16),
i.e., we consider nearly free electrons. In the limit
qvF ≪ λ we obtain for the elastic scattering rate, 1/τel =
p, iω p, iωk, iω
p−k
FIG. 3: Quasiparticle self energy due to quenched disorder.
The directed solid line denotes the Green function, the dashed
lines denote the disorder potential, and the cross denotes the
disorder average.
−2ImΣσ(p, i0),
1
τel
=
1
τ
√
1− λ/ǫF , (3.2a)
In the opposite limit, qvF ≫ λ, we find
1
τel
=
1
4τ
[
1− q/2kF +O((q/kF)2)
]
. (3.2b)
To first order in the disorder and to zeroth order in
interactions, the disorder averaged Green function is
Gσ(p) =
1
iω − ωσ(p) + i2τel sgn (ω)
. (3.3)
B. Interacting single-particle relaxation rate
In this subsection we determine the single-particle re-
laxation rate due to interactions, and its modification due
to disorder in the ballistic limit.
1. Clean helimagnets
We first reproduce the results of paper II for the
interaction-induced single-particle relaxation rate. This
serves as a check on our formalism, and to demonstrate
the technical ease of calculations within the quasiparti-
cle model compared to the formalism in papers I and II.
To this end we calculate the quasiparticle self energy for
an action S0 + Sint from Eqs. (2.10a, 2.17, 2.18). To
first order in the interaction there are two self-energy di-
agrams that are shown in Fig. 4. The direct or Hartree
contribution, Fig. 4(a), is purely real and hence does not
contribute to the scattering rate. The exchange or Fock
contribution, Fig. 4(b), is given by
Σ(4b)σ (p) =
−T
V
∑
k
V (k;p− k,p)G0,σ(k − p). (3.4)
In order to compare with the results given in II, we
consider the Fermi surface given by ω1(p) = 0. The
single-particle relaxation rate is given by 1/τ(k, ǫ) =
−2ImΣ1(k, ǫ + i0). With Eqs. (2.10c) and (2.18) in Eq.
(3.4), we find
1
τ(k, ǫ)
= 2
∫ ∞
−∞
du
[
nB
( u
T
)
+ nF
(
ǫ+ u
T
)]
×V ′′(p− k;k,p;u) δ(ǫ+ u− ω1(p)). (3.5)
8Here nB(x) = 1/(e
x − 1) and nF(x) = 1/(ex + 1) are the
Bose and Fermi distribution functions, respectively, and
V ′′(k;p1,p2;u) = Im V (k = (k, iΩ → u + i0);p1,p2)
is the spectrum of the potential. On the Fermi surface,
ǫ = 0 and ω1(k) = 0, we find for the relaxation rate
1/τ(k) ≡ 1/τ(k, ǫ = 0),
1
τ(k)
= Ck
k2xk
2
y(k
2
x − k2y)2
(k2xA
2
x + k
2
yA
2
y)
3/2
(
T
λ
)3/2
. (3.6a)
The quantities Ax,y and Ck are defined as
Ax,y = 1 +
ν
k2F
(k2y,x + k
2
z), (3.6b)
and
Ck =
Bν4
8λk5F
k2z
k2F
q3kF
m2e
, (3.6c)
with
B =
48
61/4
∫ ∞
0
dx dz
x2√
z2 + x4
1
sinh
√
z2 + x4
. (3.6d)
They are identical with the objects defined in Eqs.
(II.3.29), provided the latter are evaluated to lowest or-
der in q/kF. The temperature dependence for generic
(i.e., kx 6= ky) directions in wave number space is thus
1
τ(k)
∝ ν4λ
(
q
kF
)6 (ǫF
λ
)2 ( T
Tq
)3/2
, (3.7)
in agreement with Eq. (II.3.29d). Tq is a temperature re-
lated to the length scale where the helimagnon dispersion
relation is valid, |k| < q. Explicitly, in a weakly coupling
approximation, it is given by
Tq = λq
2/6k2F, (3.8)
see the definition after Eq. (II.3.9). Tq also gives the en-
ergy or frequency scale where the helimagnon crosses over
p, iω p, iω p, iω p, iω
p−k,i Ω
k, iω   Ω−i
(b)
k=0,i Ω = 0
p, iω ’’
(a)
FIG. 4: Hartree (a), and Fock (b), contributions to the quasi-
particle self energy due to the effective interaction potential
V (dotted line).
to the usual ferromagnetic magnon, see the discussion in
Sec. IV.A of paper II.
The most interesting aspect of this result is that at
low temperatures it is stronger than the usual Fermi-
liquid T 2 dependence, and nonanalytic in T 2. Also note
the strong angular dependence of the prefactor of the
T 3/2 in Eq. (3.6a). The experimental implications of this
result have been discussed in paper II.
2. Disordered helimagnets in the ballistic limit
We now consider effects to linear order in the quenched
disorder. These can be considered disorder corrections to
the clean relaxation rate derived in the previous subsec-
tion, or temperature corrections to the elastic relaxation
rate. The small parameter for the disorder expansion
turns out to be
δ = 1/
√
(ǫFτ)2T/λ≪ 1. (3.9)
That is, the results derived below are valid at weak dis-
order, ǫFτ ≫
√
λ/T , or at intermediate temperature,
T ≫ λ/(ǫFτ)2. This can be seen from an inspection of
the relevant integrals in the disorder expansion, and will
be discussed in more detail in paper IV. For stronger dis-
order, or lower temperature, the behavior of the quasipar-
ticles is diffusive and will be discussed elsewhere.15 The
ballistic regime in a helimagnet is different from that in
a system of electrons interacting via a Coulomb inter-
action, where the condition corresponding to Eq. (3.9)
reads Tτ ≫ 1.10
To first order in the disorder there are two types of dia-
grammatic contributions to the single-particle relaxation
rate: (A) diagrams that are formally the same as those
shown in Fig. 4, except that the solid lines represent the
disorder-averaged Green function given by Eq. (3.3), and
(B) diagrams that have one explicit impurity line. The
latter are shown in Fig. 5. It is easy to show that the
various Hartree diagrams do not contribute. The class
(A) Fock contribution to the self energy is given by Eq.
(3.4), with G0,σ replaced by Gσ from Eq. (3.3).
Power counting shows that, (1) the leading contribu-
tion to the single-particle relaxation rate in the ballistic
limit is proportional to T , (2) the diagrams of class (A)
do not contribute to this leading term, and (3) of the dia-
grams of class (B) only diagram (a) in Fig. 5 contributes.
Analytically, the contribution of this diagram to the self
energy is
Σ(5a)σ (p, iω) ≡ Σ(5a)σ (iω)
=
−1
2πNFτ
T
V
∑
k,iΩ
1
V
∑
p′
V (k, iΩ;p′ − k,p′)
×G2σ(p′, iω)Gσ(p′ − k, iω − iΩ). (3.10)
Notice that Σ(5a) does not depend on the wave vector.
This leads to the following leading disorder correction to
9(b)(a)
(c) (d) (e)
’’ ’
FIG. 5: Fock (a,b) and Hartree (c-e) ontributions to the self-
energy in the ballistic limit. See the text for additional infor-
mation.
the clean single-particle rate in Eqs. (3.6),
δ(1/τ(p)) ≡ δ(1/τ)
=
V0
2πNFτ
1
V
∑
k
∫ ∞
−∞
du
π
nF(u/T )χ
′′(k, u)
×ImL++,−(k). (3.11a)
Here χ′′ is the spectral function is the spectral function
of the susceptibility in Eq. (2.4a),
χ′′(k, u) = Imχ(k, iΩ→ u+ i0)
=
π
12NF
q2
k2F
1
ω0(k)
[δ(u− ω0(k))− δ(u+ ω0(k))] ,
(3.11b)
and L++,− is an integral that will also appear in the
calculation of the conductivity in paper IV,
L++,−(k) =
1
V
∑
p
γ(k,p) γ(k,p− k)G2R(p)GA(p− k)
= iν2
2π
3
NFm
2
e
λ2k2F
+O(1/τ,k2⊥), (3.11c)
with GR,A(p) = G1(p, iω → ±i0) the retarded and ad-
vanced Green functions.
Inserting Eqs. (3.11b, 3.11c) into Eq. (3.11a) and per-
forming the integrals yields, for the leading temperature
dependent contribution to δ(1/τ),
δ(1/τ) =
ν2π ln 2
12
√
6 τ
(
q
kF
)5
ǫF
λ
T
Tq
. (3.12)
Notice that δ(1/τ) has none of the complicated an-
gular dependence seen in the clean relaxation rate, Eq.
(3.6a). While quenched disorder is expected to make the
scattering process more isotropic in general, it is quite
remarkable that there is no angular dependence whatso-
ever in this contribution to δ(1/τ).
C. The single-particle density of states
The single-particle density of states, as a function of
the temperature and the energy distance ǫ from the Fermi
surface, can be defined in terms of the Green functions
by7
N(ǫ, T ) =
1
πV
∑
p
∑
σ
ImGσ(p, iΩ→ ǫ+ i0). (3.13)
Here G is the fully dressed Green function. The interac-
tion correction to N , to first order in the interaction, can
be written
δN(ǫ) =
−1
πV
∑
p
∑
σ
Im
[
G2σ(p, iΩ)Σσ(p, iΩ)
]
iΩ→ǫ+i0
,
(3.14)
with the dominant contribution to the self-energy Σ given
by Eq. (3.10). From the calculation in Sec. III B 2 we
know that the leading contribution to Σ is of order T/τ ,
and the integral over the Green functions is of O(τ T 0), so
δN potentially has a contribution of O(τ0T ). However,
an inspection of the integrals shows that this term has
a zero prefactor. Hence, to this order in the interaction,
there is no interesting contribution to the temperature-
dependent density of states.
IV. DISCUSSION AND CONCLUSION
In summary, there have been two important results in
this paper. First, we have shown that there is a canon-
ical transformation that diagonalizes the action for he-
limagnets in the ordered state in spin space, and in the
clean limit maps the problem onto a homogenous fermion
action. This transformation enormously simplifies the
calculations of electronic properties in an itinerant elec-
tron system with long-ranged helimagnetic order. As was
mentioned in the Introduction, our model and conclu-
sions are valid whether or not the helimagnetism is due
to the conduction electrons. We have also discussed the
effect of screening on the effective interaction that was
first derived in paper II. We have found that screening
makes the interaction less long-ranged, as is the case for
a Coulomb potential. However, in contrast to the latter,
screening does not introduce a true mass in the effective
electron-electron interaction in a helimagnet. Rather, it
removes the qualitative anisotropy characteristic of the
unscreened potential in a rotationally invariant model,
and introduces a term similar to one that is also gener-
ated by the spin-orbit interaction in a lattice model.
We have used the transformed action to compute a
number of the low-temperature quasiparticle properties
in a helimagnet. Some of the results derived here repro-
duce previous results that were obtained with more cum-
bersome methods in paper II. We then added quenched
nonmagnetic disorder to the action, and considered var-
ious single-particle observables in the ballistic limit. All
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of these results are new. The second important result
in this paper is our calculation of the single-particle re-
laxation rate in systems with quenched disorder in the
ballistic limit, τ2T ǫ2F/λ > 1, where we find a linear tem-
perature dependence. This non-Fermi-liquid result is to
be contrasted with the previously derived T 3/2 leading
term in clean helimagnets, and the usual T 2 behavior in
clean Fermi liquids.
In paper IV of this series we will treat the interest-
ing problem of transport in clean and weakly disordered
electron systems with long-ranged helimagnetic order.
Specifically, we will use the canonical transformation in-
troduced here to compute the electrical conductivity. In
the clean limit we will recover the result derived previ-
ously in paper II, while in the ballistic regime we find a
leading temperature dependence proportional to T . This
linear term is directly related to the T -term found above
for the single-particle relaxation rate. For the case of the
electrical conductivity, the T term is much stronger than
either the Fermi liquid contribution (T 2) or the contri-
bution from the helimagnon scattering in the clean limit
(T 5/2).
A detailed discussion of the experimental consequences
of these results will be given in paper IV. There we
will also give a complete discussion of the limitations of
our results, and in particular of the various temperature
scales in the problem, including the one introduced by
screening the effective potential.
The linear temperature terms found here for the vari-
ous relaxation times in bulk helimagnets is closely related
to the linear T terms found in two-dimensional nonmag-
netic metals, also in a ballistic limit.10 The analogy be-
tween 3D helimagnets and 2D nonmagnetic materials is a
consequence of the anisotropic dispersion relation of the
helical Goldstone mode or helimagnons. Technically, a
typical integral that appears in the bulk helimagnet case
is of the form
∫
dkz
∫
dk⊥ k
2
⊥ δ(Ω
2 − k2z − k4⊥) f(kz,k⊥) ∝∫
dk⊥ k
2
⊥
Θ(Ω2 − k4⊥)√
Ω2 − k4⊥
f(kz = 0,k⊥),
and the dependence of f on kz can be dropped since it
does not contribute to the leading temperature scaling.
The prefactor of the k⊥ dependence of f is of O(1) in a
scaling sense. As a result, the 3D integral over k behaves
effectively like the integral in the 2D nonmagnetic case.
Physically the slow relaxation in the plane perpendicular
to the pitch vector makes the physics two-dimensional.
Acknowledgments
This research was supported by the National Science
Foundation under Grant Nos. DMR-05-30314 and DMR-
05-29966.
1 D. Belitz, T. R. Kirkpatrick, and A. Rosch, Phys. Rev. B
73, 054431 (2006), (paper I).
2 D. Belitz, T. R. Kirkpatrick, and A. Rosch, Phys. Rev. B
74, 024409 (2006), (paper II). See also the Erratum pub-
lished as Phys. Rev. B 76, 149902 (2007). A version that
incorporates the Erratum, and corrects typos in the pub-
lished paper, is available as arXiv:cond-mat/0604427.
3 Y. Ishikawa, K. Tajima, D. Bloch, and M. Roth, Solid
State Commun. 19, 525 (1976).
4 C. Pfleiderer, G. J. McMullan, S. R. Julian, and G. G.
Lonzarich, Phys. Rev. B 55, 8330 (1997).
5 T. Moriya, Phys. Rev. 120, 91 (1960).
6 I. E. Dzyaloshinski, J. Phys. Chem. Solids 4, 241 (1958).
7 B. L. Altshuler and A. G. Aronov, Electron-Electron In-
teractions in Disordered Systems (North-Holland, Amster-
dam, 1984), edited by M. Pollak and A. L. Efros.
8 P. A. Lee and T. V. Ramakrishnan, Rev. Mod. Phys. 57,
287 (1985).
9 D. Belitz, T. R. Kirkpatrick, and T. Vojta, Phys. Rev. B
55, 9452 (1997).
10 G. Zala, B. N. Narozhny, and I. L. Aleiner, Phys. Rev. B
64, 214204 (2001).
11 A. Sergeev, M. Y. Reizer, and V. Mitin, Phys. Rev. B 69,
075310 (2005).
12 T. R. Kirkpatrick, D. Belitz, and Ronojoy Saha,
arXiv:0806.0639 (paper IV).
13 Due to the Stoner splitting, one strictly speaking has to
distinguish between Fermi-surface properties, such as the
Fermi wave number, the density of states at the Fermi sur-
face, etc., in the two Stoner bands. For a weak helimagnet
the differences between these quantities are small, and we
will systematically neglect them. This amounts to working
to lowest order in the small parameter λ/ǫF.
14 Strictly speaking, this is true only in systems with ro-
tational symmetry. In an actual helimagnet on a lattice,
the spin-orbit interaction leads to a term proportional to
cz (q/kF)
2k2⊥ in ω
2
0(k). We will discuss this in the context
of screening the phase-phase susceptibility in Sec. II E be-
low.
15 T. R. Kirkpatrick and D. Belitz, unpublished.
